We define invariants of unoriented knots and links by enhancing the integral kei counting invariant Φ Z X (K) for a finite kei X using representations of the kei algebra, ZK [X], a quotient of the quandle algebra Z[X] defined by Andruskiewitsch and Graña. We give an example that demonstrates that the enhanced invariant is stronger than the unenhanced kei counting invariant. As an application, we use a quandle module over the Takasaki kei on Z3 which is not a ZK [X]-module to detect the non-invertibility of a virtual knot.
Introduction
In [9] , Mituhisa Takaski introduced an algebraic structure known as kei (or 圭 in the original kanji). In [6] this same structure was reintroduced under the name involutory quandle, a special case of a more general algebraic structure related to oriented knots known as quandles. These algebraic structures can be understood as arising from the unoriented and oriented Reidemeister moves respectively via a certain labeling scheme, encoding knot structures in algebra.
In [1] , for every finite quandle X an associative algebra Z[X] was defined with generators representing coefficients of "beads" indexed by quandle labelings of arcs, with relations defined from the Reidemeister moves. Representations of Z[X], known as quandle modules, were used to define new invariants of oriented knots and links in [3] . In [7] a modification of Z[X] for finite racks (a generalization of quandles to the case of blackboard-framed isotopy) was used to define invariants of framed and unframed oriented knots and links.
In this paper we define a modification of the quandle algebra we call the kei algebra Z K [X] and use it to extend the invariants defined in [7] to unoriented knots and links. The paper is organized as follows. In section 2 we review the basics of kei and the kei counting invariant. In section 3 we define the kei algebra and kei modules. In section 4 we define the kei module enhanced counting invariant. As an application, we use a module over Z[X] for a kei X which is not a Z K [X]-module to detect the non-invertibility of a virtual knot. In section 5 we collect a few questions for future research.
(iii) (x y) z = (x z) (y z).
Example 1 Let X be any abelian group regarded as a Z-module. Then X is a kei under the operation
Such a kei is known as a Takasaki kei. If X ∼ = Z n then X is often denoted as R n in the knot theory literature, known as the dihedral quandle on n elements. R n can also be understood as the set of reflections of a regular n-gon.
Example 2 Let X be any module over Z[t]/(t 2 − 1). Then X is a kei known as an Alexander kei under the operation x y = tx + (1 − t)y.
A Takasaki kei is an Alexander kei with t = −1.
Example 3 Let L be an unoriented link diagram and let A = {a 1 , . . . , a n } be a set of generators corresponding bijectively with the set of arcs of
, is defined in the following way. First, let W (L) be the set of kei words in A, defined recursively by the rules
Then the free kei on A is the set of equivalence classes of kei words in A under the equivalence relation generated by relations of the forms
• (x y) y ∼ x, and
for all x, y, z ∈ W (L). The free kei is a kei under the operation [x] [y] = [x y]. Now, at each crossing in L, we have a crossing relation given by z = x y where y is the overcrossing arc and x and z are the undercrossing arcs. That is, we have
, is the set of equivalence classes of free kei elements modulo the crossing relations of L, or equivalently F K(L) is the set of equivalence classes of kei words in A modulo the equivalence relation determined by the crossing relations together with the free kei relations.
It is convenient to describe a finite kei X = {x 1 , . . . , x n } with a matrix encoding the operation table of X, i.e. a matrix M X whose (i, j) entry is k where x k = x i x j . For example, the Takasaki kei on Z 3 has matrix
where we set x 1 = 0, x 2 = 1 and x 3 = 2.
As with groups and other algebraic structures, we have the following standard notions:
Definition 2 Let X and Y be kei.
•
• A subset Y ⊂ X which is itself a kei under the kei operation of X is a subkei of X. It is easy to check that Y ⊂ X is a subkei if and only if Y is closed under .
For defining invariants of unoriented links, we have the following well-known result:
Theorem 1 If L and L are ambient isotopic unoriented links, then there is an isomorphism of kei φ :
For any finite kei X, the sets of homomorphisms Hom(F K(L), X) and Hom(F K(L ), X) are finite and there is an induced bijection
| is a non-negative integer-valued invariant of unoriented links known as the integral kei counting invariant.
A kei homomorphism f : F K(L) → X can be represented as a labeling of the arcs of L with elements of X satisfying the crossing relations at every crossing -such a labeling defines a unique homomorphism, and every f ∈ Hom(F K(L), X) can be so represented.
Example 4
We can use the kei counting invariant to see that the trefoil knot 3 1 is nontrivially knotted. Let X be the Takasaki kei on Z 3 ; we have x y = 2y − x = 2y + 2x. The crossing relations in 3 1 give us the system of linear equations z = 2x + 2y y = 2z + 2x x = 2x + 2y 
Kei algebras and modules
Let X be a finite kei. We would like to define an associative algebra on X generated by "beads" such that secondary labelings of X-labeled link diagrams by beads are preserved by Reidemeister moves. Specifically, at a crossing in a link diagram with arcs labeled x, y and x y, we define the following relationship between the beads a, b and c:
The kei algebra of X, Z K [X], will be the quotient of the polynomial algebra Z[t x,y , s x,y ] by the ideal I required to obtain invariance under unoriented Reidemeister moves.
First, we note that the bead relationship above also requires that a = t x y,y c + s x y,y b; together these imply a = t x,y t x y,y a + (t x,y s x y,y + s x,y )b, which yields t x,y t x y,y = 1 and t x,y s x y,y + s x,y = 0.
From the Reidemeister I move, we must have t x,x + s x,x = 1:
The Reidemeister II move yields conditions equivalent to equation (1): c = t x,y a + s x,y b a = t x y,y c + s x y,y b ⇒ a = t x y,y t x,y a + (t x y,y s x,y + s x y,y )b
The Reidemeister III move yields the defining equations for the original rack algebra Z[X] from [1] :
We can now define the kei algebra of a finite kei X.
Definition 3 Let X be a finite kei. The kei algebra Z K [X] of X is the quotient of the polynomial algebra Z[t x,y , s x,y ] for all x, y ∈ X by the ideal I generated by all elements of the forms
• t x,y s x y,y + s x,y ,
• t x,y t x y,y − 1,
• t x,x + s x,x − 1,
• t x y,z t x,y − t x z,y z t x,z ,
• t x y,z s x,y − s x z,y z t y,z , and
• s x y,z − s x z,y z s y,z − t x z,y z s x,z for all x, y, z ∈ X. A Z K [X]-module or just an X-module is a representation of Z K [X], i.e. an abelian group A with a family of automorphisms t x,y : A → A and endomorphisms s x,y : A → A satisfying the conditions (1), (2) and (3) above.
Example 5 Let X be a kei. Any ring R becomes a Z K [X]-module by choosing invertible elements t x,y and elements s x,y for x, y ∈ X satisfying the conditions (1), (2) and (3). In particular, if X = {x 1 , x 2 , . . . , x n } is a finite kei, we can specify a Z K [X]-module structure on R with a n × 2n block matrix M R = [T |S] where T (i, j) = t xi,xj and S(i, j) = s xi,xj .
Remark 2
The quandle algebra defined in [1] is the quotient of the polynomial algebra Z[t ±1
x,y , s x,y ] by the ideal generated by the relations coming from the Reidemeister I and III moves, i.e.,
• t x,x + s x,x − 1
• t x y,z s x,y − s x z,y z t y,z ,
• s x y,z − s x z,y z s y,z − t x z,y z s x,z .
with the type II move condition handled by the bead labeling rule below.
The kei algebra Z K [X] is a quotient of the quandle algebra by the additional relations t x,y s x y,y + s x,y and 1 − t x,y t x y,y . 
Kei module enhancements of the counting invariant
We can now define invariants of unoriented knots and links using kei modules. The idea is to use the set of homomorphisms g : Z f [X] → R from the fundamental kei module of an X-labeled diagram L to the kei module R as a signature for each kei homomorphism f :
Definition 4 Let L be an unoriented knot or link, X a finite kei and R a finite Z K [X]-module. The kei module enhanced multiset invariant of L associated to X and R is the multiset of cardinalities of the sets of
. Taking the generating function of this multiset gives us a polynomial-form invariant for easy comparison: the kei module enhanced invariant of L with respect to X and M is
By construction, we have the following:
Theorem 2 If L and L are ambient isotopic unoriented links, X is a finite kei and R is a
Remark 4 If R is not a finite ring, we can replace the infinite cardinality |Hom
we first obtain the matrix for Z f [X], replace each t x,y and s x,y with its value in R, and solve the resulting system of equations to obtain the contributions to Φ K X,R for f . and for non-kei module quandle modules M over a finite kei, X, the quandle module enhanced counting invariant Φ M X is capable of detecting invertibility of virtual (and hence classical) knots.
Questions
In this section we collect a few open questions for future research.
In our computations we have only considered the simplest type of Z K [X] modules, namely Z k [X]-module structures on Z n with the action of t x,y and s x,y given by multiplication by fixed elements of Z K [X]. Expanding to other abelian groups and other automorphisms t x,y : X → X and endomorphisms s x,y : X → X should give interesting results. We are particularly interested in the case of non-commuting t x,y and s x,y values.
We have generalized the rack module bead counting invariant from [7] , but several other oriented link invariants using the quandle algebra were defined in [3] ; these invariants should have generalizations to the unoriented case using the kei algebra.
